We survey some recent results on Noetherian rings satisfying the Auslander-type conditions, with emphasis on the homological behavior of such rings.
Introduction
Throughout this article, Λ is a left and right Noetherian ring (unless stated otherwise), mod Λ is the category of finitely generated left Λ-modules and 0 → Λ → I 0 (Λ) → I 1 (Λ) → · · · → I i (Λ) → · · · is the minimal injective resolution of Λ as a left Λ-module.
For a module M ∈ mod Λ and a non-negative integer n, recall that the grade of M , denoted by grade M , is said to be at least n if Ext i Λ (M, Λ) = 0 for any 0 ≤ i < n; and the strong grade of M , denoted by s.grade M , is said to be at least n if grade X ≥ n for any submodule X of M (see [3] and [7] ). Bass in [8] proved the following result. A commutative Noetherian ring Λ is called Gorenstein if it satisfies one of the above equivalent conditions. For the non-commutative case, Λ is also called Gorenstein if the left and right self-injective dimensions of Λ are finite. It was proved by [44, Lemma A] that the left and right self-injective dimensions of a Gorenstein ring are identical.
Theorem 1.2. [15, Auslander's Theorem 3.7] The following statements are equivalent:
Λ is called n-Gorenstein if it satisfies one of the above equivalent conditions, and Λ is said to satisfy the Auslander condition if it is n-Gorenstein for all n. Theorem 1.2 means that the notion of n-Gorenstein rings (and hence that of the Auslander condition) is left-right symmetric. Motivated by Theorem 1.2, the notion of the Auslander-type conditions was introduced in [24] as follows. 
. We call both G n (k) and g n (k) the Auslander-type conditions.
The following relations are obvious for any n ≥ n and k ≤ k :
The Auslander-type conditions can be regarded as certain noncommutative analogs of commutative Gorenstein rings. Such conditions, especially dominant dimension and the n-Gorenstein ring, play a crucial role in representation theory and non-commutative algebraic geometry (e.g. [2, 6, 7, 10, 12, 13, 15, 16, 18, 24, 28, 31, 32, 33, 34, 35, 36, 38, 40, 41, 42] ). They are also interesting from the viewpoint of some unsolved homological conjectures, e.g. the finitistic dimension conjecture, Nakayama conjecture, Gorenstein symmetry conjecture, and so on. In this article, we survey some recent results on Noetherian rings satisfying the Auslandertype conditions, with emphasis on the homological behavior of such rings. In Section 2, we give some equivalent characterizations of the conditions G n (k) and g n (k), respectively. In Section 3, we investigate the properties of rings being G n (k) or g n (k), especially for the case k = 0, 1. In Section 4, we give the definition of the (weak) (m, n)-condition, which is closely related to the conditions G n (k) and g n (k). Then we investigate the properties of rings satisfying certain (m, n)-condition.
Characterizations of the Auslander-type conditions
In this section, we give some equivalent characterizations of the Auslandertype conditions G n (k) and g n (k), respectively.
Put ( ) * = Hom Λ ( , Λ) and
is called the transpose of M , and denoted by Tr M (see [3] ).
We use F k to denote the subcategory of mod Λ consisting of k-torsionfree modules, and Ω k (mod Λ) to denote the subcategory of mod Λ consisting of k-syzygy modules. It is well known that that
For subcategories C i (i = 1, 2) of mod Λ, we use E(C 1 , C 2 ) to denote the subcategory of mod Λ consisting of C ∈ mod Λ such that there exists an exact sequence 0 → C 2 → C → C 1 → 0 with C i ∈ C i (i = 1, 2). For a left Λ-module M , we use pd M , fd M and id M to denote the projective dimension, flat dimension and injective dimension of M , respectively.
The following result gives some equivalent characterizations of G n (k). 
) is just the n-Gorenstein ring (resp. the Auslander condition).
Let k ≥ 1. We denote by 
Now we concentrate on the conditions G n (k) and g n (k) for the case k = 0, 1.
In [24, Theorem 4.1], we gave a quick proof of the following remarkable left-right symmetry of G n (k) and g n (k) for the case k = 0, 1, where (1) 
Question 2.1. [24, Question 4.1.1] It is natural to ask for the existence of a common generalization of the conditions G n (k) and g n (k) satisfying certain "left-right symmetry". For example, does there exist some natural condition G n (k, l) for each triple (n, k, l) of non-negative integers with the following properties? 
Let D be a full subcategory of mod Λ. Recall that D is said to be closed under extensions if the middle term B of any short sequence 0 → A → B → C → 0 is in D provided that the end terms A and C are in D. We use add D to denote the subcategory of mod Λ consisting of all Λ-modules isomorphic to direct summands of finite direct sums of modules in D. For any k ≥ 1, we denote by
The following result gives some equivalent characterizations of G n (1), where 
Example 2.1. Contrary to the condition G n (0), the condition G n (1) is not left-right symmetric. Consider the following example. Let K be a field and ∆ the quiver: 
Properties of rings satisfying the Auslander-type conditions
In this section, we investigate the properties of rings satisfying the Auslander-type conditions. These properties involve duality theory, the socle of modules, homological dimensions, homological finiteness of certain subcategories, cotorsion pairs, Evans-Griffith presentations, and so on.
For a non-negative integer l, put 
Let Λ be an Artinian algebra. Recall that the Nakayama conjecture states that Λ is self-injective if I i (Λ) is projective for any i ≥ 0 (see [37] or [43] ), and the generalized Nakayama conjecture states that each indecomposable injective Λ-module occurs as the direct summand of some I i (Λ) (see [4] ). In view of Theorems 1.1 and 1.2, Auslander and Reiten conjectured in [6] that Λ is Gorenstein if it is G ∞ (0). This conjecture is situated between the Nakayama conjecture and the generalized Nakayama conjecture. The following result is related to this conjecture. It means that the Gorenstein symmetry conjecture holds true for a left and right Artinian ring which is G ∞ (1). Recall from [9] that the Gorenstein symmetry conjecture states that the left and right self-injective dimensions of any Artinian algebra are identical.
Proposition 3.1. [21, Proposition 4.6] If a left and right Artinian ring
Observe that Auslander and Reiten proved in [6, Corollary 5.5(b)] that if an Artinian algebra Λ is G ∞ (0), then id Λ = id Λ op . Proposition 3.1 is a generalization of this result. As an immediate consequence of Theorem 3.3, we have the following result.
Recall that the finitistic dimension of Λ, denoted by fin.dim Λ, is defined as sup{pd X | X ∈ mod Λ and pd X < ∞}. By using Theorem 2.2, it is not difficult to get the following result.
In the following result, the case for k ≥ 1 follows from Lemma 3.1, and the case for k = 0 is in [23, Corollary 2.15].
Theorem 3.4. [24, Theorem 5.2] If
As an application of Theorem 3.4, we have the following result, where (1) and (2) follow from the symmetry of G ∞ (0) and the fact that
op (see Theorem 2.3), respectively.
Definition 3.1. [5] Assume that D is a full subcategory of mod Λ and
The subcategory D is said to be contravariantly finite in mod Λ if any module in mod Λ has a right D-approximation. Dually, we define the notions of (minimal) left D-approximations and covariantly finite subcategories. The subcategory of mod Λ is said to be functorially finite in mod Λ if it is both contravariantly finite and covariantly finite in mod Λ.
As applications of Theorems 2.5 and 2.6, we have the following result about homological finiteness of P k . (1) op (In particular, let Λ be an Artinian algebra which is Let Λ be a commutative Noetherian ring and let n be a non-negative integer and M ∈ Ω n (mod Λ). Recall from [14] that an Evans-Griffith presentation of M is an exact sequence in mod Λ:
where B is an n-syzygy module of E n+1 (Tr M ) and S ∈ Ω n+2 (mod Λ). In the case Λ is not necessarily commutative, we also call such an exact sequence an Evans-Griffith presentation of M . By Theorem 3.6, we have the following result. Observe that a special instance of Corollary 3.6 was already considered by Evans and Griffith in [14, Theorem 2.1]. They showed that if Λ is a commutative Noetherian local ring with finite global dimension and contains a field then each non-free d-syzygy of rank d has an Evans-Griffith presentation. Corollary 3.6 generalizes this result to much more general setting.
(m, n)-conditions
In this section, we give the definition of the (weak) (m, n)-condition, and then investigate the properties of rings satisfying certain (m, n)-condition. 
It is known that Λ is G n (0) if and only if so is Λ op (see Theorem 2.3). However, the (i, i)-condition does not possess such a symmetric property in general. For example, the finite dimensional algebra given by the quiver 1 α → 2 β → 3 ← 4 modulo the ideal βα satisfies exactly one of the (2, 2) and (2, 2) op -conditions. The following result gives a sufficient condition that the (i, i)-condition implies the (i, i) op -condition.
In particular, putting n = 3 in Proposition 4.2, we get the following result.
In [24] , we gave an example satisfying the conditions in Corollary 4.1 as follows. [30] that the answer to it is positive in more general case.
For a positive integer n, we denote E n (Λ Λ ) = {M ∈ mod Λ | M = E n (N ) for some N ∈ mod Λ op }. Auslander showed in [1, Proposition 3.3] that any direct summand of a module in E 1 (Λ Λ ) is still in E 1 (Λ Λ ). He then asked whether any submodule of a module in E 1 (Λ Λ ) is still in E 1 (Λ Λ ). Recall that a full subcategory X of mod Λ is said to be submodule closed if any non-zero submodule of a module in X is also in X . Then the above Auslander's question is equivalent to the following question: Is E 1 (Λ Λ ) submodule closed? As an application of Proposition 4.4, the following examples were constructed in [21] to illustrate that neither E 1 (Λ Λ ) nor E 2 (Λ Λ ) are submodule closed in general, by which the above Auslander's question is answered negatively. 
